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J. Phys. A: Math. Gen. 16 (1983) 43-48. Printed in Great Britain 

Associated harmonic oscillator potential models for 
Schrodinger equations 

W M ZhengtS 
Center for Studies in Statistical Mechanics, The University of Texas at Austin, Austin, 
Texas 78712. USA 

Received 22 June 1982 

Abstract. By means of the Darboux transformation the associated harmonic oscillator 
potential problem is solved analytically. For properly chosen parameters the potentials 
appear as asymmetric double wells. The penetration problem is discussed for inverted 
potentials. 

In Zheng (1982) we discussed the Darboux transformation (Darboux 1882, Ince 
1956) and its application to solving the symmetric double-well potential problem. 
Here we shall use the transformation to solve the asymmetric double-well potential 
problem, and then discuss the penetration problem for inverted potentials. 

The one-dimensional Schrodinger equation to be discussed is 

where 4 (x) is a solution of the Weber equation (Abramovitz and Stegun 1965) 

d2q5/dx2-(x’/4+a)4 =O.  (3) 
In general, the function 4 (x )  can be written as a linear combination of the odd and 
even solutions to the Weber equation: 

4 ( x ) =  Yl(a,x)+pyz(a,x) (4a 1 
=exp(- ix2)1F1tfa +a, I, IX )+PX exp(- ix2)1Fl(ta +q,  2, IX ). 

(46 1 
The shape of the potential V(x) for P = O  has been briefly discussed by Zheng 

1 1 1 2  3 3 1 2  

(1982): V(x) is 

a single well 

a double well 

a multiple well 

for a a$, 
for O S  a < 1/2JZ, 

for o>a  > - 1/2&. 

t On leave from the Institute of Theoretical Physics, Academia Sinica, Beijing, China. 
$ Supported by the Robert A Welch Foundation. 
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44 W M Zheng 

For 0<a<1 /2JZ and P<<Pc=. /Zr(4a+9) / r (~a+a) ,  V ( x )  is an asymmetric 
double well. The typical curves of V ( x )  for a = -0.3 and B = -0.08, 0, 0.04 are 
shown in figure 1. 
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Figure 1. 
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From the Darboux theorem (Darboux 1882, Ince 1956), the physical solution to 
equation (1) for the eigenvalue E,, = n + a  + f is 

+n ( x )  = d (xXDn b ) l d  ( x ) l '  ( 5 Q )  

( 5 6 )  

where we have used the boundary conditions at infinity, and the Weber function D,, ( x )  
with n an integer parameter is related to the Hermite polynomial H , , ( x )  (Abramovitz 
and Stegun 1965) 

(6) 

It is easy to verify that the function [d(x)]-' is a solution to equation (1) with the 
eigenvalue E = 0. As long as a is not less than - 4 and P <Po the function [ 4 ( x ) ] - '  
is positive definite without any node, so it is the ground state. We have thus found 
all the eigenvalues and eigenfunctions of equation (1). 

The normalisation factors for the eigenfunction *,,(x) can be calculated by using 
the two transformations discussed in Zheng (1982): Darboux's differential form and 
the integral one. The relation between the two transformations is (Zheng 1982) 

= DA(x) - (d ' ( X I / #  ( X ) P n  ( x ) ,  

D,,(x) = 2-"" exp(- i x z ) ~ , , ( x / J 2 ) .  



Associated harmonic oscillator potential models 

with 

In the last step of the above derivation we have used equation (7) once again and the 
formula (Gradshteyn and Ryzhik 1965) 

J-a2  

According to Abramovitz and Stegun (1965), the function 4 ( x )  can be written as 

(1 1) 

where A +  and A -  are some constants. By considering the asymptotic behaviour of 
D,(x) and Dn(x) at infinity (Abramovitz and Stegun 1965), the first term on the RHS 
of equation (9) vanishes. Thus, we have finally 

a linear combination of the Weber functions D,(-x)  and D,(x)  with v = -a -;, 

d (x) = A+D,(x) + A - D v ( - x ) ,  

c f , = ( n + a + t ) J G n ! .  (12) 
The normalisation factor for the ground state [c#J(x)]-' should be calculated separ- 

ately. From the Darboux theorem we have an identity (Zheng 1982) 

where the constants A and A 2  can be determined by taking x --* 00 and x = 0 for 
equation (13) (Zheng and Hongler 1982). Finally, we find 

1 / d ( x )  =d(x)(yz(a,  X ) / 4 b ) ) '  
or 

Considering the asymptotic behaviour of the functions y l (a ,  x )  and y2(a,  x ) ,  from 
equation (14) we obtain finally 
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is a quantity introduced for the discussion of the shapes of the potentials V(x). As 
one can see from equation (15), only when p <pc is the expression (15) meaningful. 
In fact, when p + pc the function [d (x)]-’ touches the real axis, and then the integral 
(14) becomes divergent. For p > p c  we obtain the same situation. 

We shall next discuss the penetration problem for the inverted potentials. Instead 
of V(x) as given in equation (2), we should consider 

p(x) = Via(e i r /4~)  =d(x) d2(1/&(x))/dx2 

with 

&(x) = yl(ia, ei~’4x)+pyz(ia,  einI4x). 

U’(a ,x) -$xU(a ,x)+U(a  + l , x ) = O ,  

[U(& -x)]’-$xU(u, -x)+ V ( a  - 1, -x) = 0, 

Employing the recurrence relations (Abramovitz and Stegun 1965). 

and the formulae (Abramovitz and Stegun 1965) 

U(a,  X )  = D - a - 1 / 2 ( ~ ) 9  

~ ( a ,  x)  = J2exp[ fm +&,r +$ arg r ( 3 + i a ) l ~ ( i a ,  x 

~ ( a ,  x)  = ( 2 / ~ ) ’ / ~ e x p [ i ( i x ~ - a  lnx  +$arg  r ( $ + i a ) + i . n ) ] ( l + ~ ( x - ’ ) )  

(1 +e2ra)1’2~(a,x)=ena~*(a,x)+iE*(a, -XI, 

P(x) = -ix2[1 + O ( x - y  

from equations (17), (18) and (11) we obtain 

(x + *a). 

Assume that for large values of positive x there are waves moving to the right 
only, so from equation (24) the wavefunctions should behave asymptotically like the 
complex solution E(r, x)  to the Weber equation with y being some constant. 

From the Darboux theorem the general solutions to the Schrodinger equation with 
the inverted potential c ( x )  given by equation (17) are 

where k, and k- are arbitrary constants. An analysis of the asymptotic behaviour of 
the above functions allows us to choose proper wavefunctions: 

(25) J(x) = &)(E(P> x ) / 4  (x))’, 

where the parameter CL is closely related to the eigenvalue E of the Hamiltonian 
operator and is determined from the Darboux theorem (Zheng 1982) as 

p = a - E .  (26) 
Using formula (23) and equation (25), for large negative x we have 

$(-IxI) = (1 +e2rrF)1’2id(x)(E*(p, lxl)/d(x))‘ (incident wave), 

-e””i&x)(E(CL, lxl)/&x))‘ (reflected wave). 
(27) 
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Therefore, the transmission coefficient (Merzbacher 1970) is 
T = 1 + e2"P = 1 + e2rr(a-E) 

which is the same as the result for the inverted harmonic oscillator potential (Hill and 
Wheeler 1953, Prakash 1976). 

The Fokker-Planck equations are closely related to the Schrodinger equations 
(van Kampen 1977). The discussion on the corresponding Fokker-Planck equations 
is given elsewhere (Hongler and Zheng 1982). 
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